In the paper one refers to some research under developments by the authors on specific stairs' typologies, in particular on cantilever and helical stairs, which are largely diffused in monumental buildings. The paper responds to professional practice which demands clear and sharp models for structural analysis and calculations, and simplified approaches for correctly interpreting their structural behaviour, and also for providing some indications supporting the design of proper refurbishments.
The significant importance of studying ancient buildings is especially felt by researchers from European countries, where the monumental and historical heritage is largely diffused on the territory [1] [2] [3] [4] [5] . As well known, studying masonry structures is much different from studying reinforced concrete constructions where analyses may be developed by means of commercial software.
Masonry structures are rather complex systems where in most cases it is not sufficient to study the behaviour of the single structural element as in concrete structures. The masonry material exhibits a non conventional behaviour that must be investigated for the specific case in hand in order to formulate the most generic model.
One of the sources of complexity is often represented by the great variety of masonry typologies, usually made of materials with different mechanical characteristics, coupled to a variegated arrangement constituting the texture of the masonry. The texture significantly influences the overall behaviour of the structure representing the major problem in the formulation of an adequate and reliable structural model, at the meanwhile univocal and complete. On the other hand the variety of textures existing in masonry buildings pushes towards the elaboration of flexible theoretical models which can be adapted to the variety of possible situations.
In masonry buildings it is possible to recognize and isolate the basic structural elements (as e.g. vaults, arches, walls), similarly to the homolog elements of a modern structure (as e.g. floors, beams, pillars). Nevertheless the operation of the basic masonry elements is rather more complex than in other civil buildings. Moreover the constituent elements' interaction is often not so evident in their real hierarchical degree of connection and relationship. That one represents a problem for setting up an efficient structural model of masonry buildings.
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For many tens of years the research group of the authors have been developing an extended research about masonry fabrics and the relevant problematic situations, by formulating original theoretical and experimental approaches (see e.g. [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] ), also with reference to the optimal interventions of refurbishment also made by FRP provisions (see e.g. [30, 31] ). It represents one of the most large and complete existing researches about the masonry behaviour, started during early 80s, which has deeply contributed to this complex subject.
In most recent times, a special attention has been devoted by the research group to the study of problems concerning masonry stairways, which represents a problem rarely treated in literature [32] [33] [34] , since most of researches focus on the stairs made of material supporting tensile stresses [35] [36] [37] [38] [39] [40] [41] [42] [43] [44] .
A specific study about the analysis of the stress field distribution and the equilibrium path has been developed on two particular types of masonry stairways ( Figs. 1 and 2 ) such as the "half-barrel" or "cantilever" or "Roman" stairways and the "helicoidal" or "spiral" stairways. These typologies are largely diffused in Italian ancient and monumental masonry buildings (especially since the XVI century buildings) and for their complexity, these structures, or similar ones, are usually studied in a three-dimensional space with the support of complex software. Nevertheless the professional practice demands clear and sharp models for structural analysis and calculation, and simplified approaches often help the interpretation of the structural behaviour and suggest procedures for decision and design in the emergency or in the common refurbishment of a masonry fabric.
The static interpretation of the Roman stairs [45, 46] , for example, requires some complex analyses, which in many cases cannot be summarized in a controllable behaviour for certifying its static suitability. However on the basis of some considerations it is possible to set up a simplified method for an approximate check of a cantilever stair in order to facilitate its analysis. Thereforea simplified approach for analysing the Roman stairways' behaviour has been developed by checking the equilibrium mechanism of the vaulted stairways through a classic "beam model", starting from the assumption that the masonry is not able to resist tensile stresses and that a no-tension (or NT) model is assumed for the material. Then the stress fields which are in equilibrium with the self-weight and live loads, and compatible with the resistant skills of the masonry material, have been searched for in order to get the stress solution.
In the static analysis a simplified model can consider the Roman staircase as the composition of some basic components: the landing, the angle connection, and the flight of stairs (two or three depending on the structure morphology).
The structure is globally supported by the outside walls system which represents the stair box.
The landing can be easily modelled by means of the arch model. Analogously the angle connection can be analyzed as a quarter of a trough-vault, which is stable provided that the converging flights and/or landing are stable. So the resulting forces are transmitted to the flight of the stairs, which becomes the central problem in the equilibrium. The drift of the flight with respect to the landing yields a longitudinal compression which is associated to an arch effect in the flight thickness helping its equilibrium. Nevertheless the profile of the flight is usually rectilinear, which does not help the arch effect in the longitudinal direction, and the vertical reaction of the flight is concentrated at the connection point of the flight with the outside wall.
After all, the flight of stairs can be viewed at like a horizontally wide and tilted beam, which is equipped with a lateral continuous support at one edge of its cross section, subject to a vertical load. The vertical load, given by the superposition of the permanent and the accidental loads, presents an eccentricity that activates a reaction in the flight of the stairs. Therefore the torsional load is distributed on the flight's length and the reactive torsional moments are activated in order to equilibrate it in correspondence of the angle connections.
If the flight of stairs is able to completely absorb the activated torsion, the equilibrium can exist also without resorting to other mechanisms of maintenance, like e.g. the arch effect in the lengthwise direction. Another way to balance the "cantilever" is given by an horizontal shear reaction. In order to adapt itself to one more favourable distribution of tensions the flight activates a arch-type effect represented by a stress curve included into the profile of the flight, but with a non-conventional shape hardly analyzable with elementary methods. The torsion stress activates also additional reactions in correspondence of the angle connections which take a part to advantage of the jam improving the resistance skill of the mortar joint -rows.
Moreover some instructions for planning the optimal application and distribution of the reinforcement can be inferred on the basis of the developed analysis and of the knowledge of the stairs behaviour.
As regards the helical stair typology shown in (Fig. 1) , because of its appearance and save-spacing skill, this staircase typology is nowadays increasingly getting popular worldwide and a renewed interest is attracted in the area of analysis and design of helicoidal stair slabs, mainly focusing on problems related to its complex geometrical configuration.
If the spiral form is considered as a three dimensional (3-D) helical girder and is reduced to its middle line having the same stiffness as that of the original structure, the slab action of helicoids is neglected and it is assumed that the bending stiffness and torsional stiffness of a warped girder are the same as those of a straight beam, thus achieving an helical girder solution for helicoidal stairs, which takes into account the essential 3-D characteristics of helicoid and its inherent structural efficiency.
Attempts of analysing the internal forces due to dead and live loads in fixed ended circular stairs having an intermediate landing are recorded [39] where the influence lines of the structure modelled as a linearly elastic member in space are drawn at various cross sections. More recent studies report about parametric analyses and design charts in case of intermediate landings [40] , including a conspicuous literature about FEM analysis developed under the elastic assumption (see e.g. [41] [42] [43] [44] ).
Helicoidal staircases are also very often encountered in ancient and/or monumental masonry buildings. Actually the interest of this typology lays in the wide variety of spiral stairs constructed since the classical antiquity in the GrecoRoman period, dating back to the Trajan's Column built in the 5 th century B.C: (an interior stairway develops in the column itself above the pedestal) and handed down until nowadays, permanently hold during the different historical periods [47, 48] . Besides the first attempts of studying their static operation (see e.g. [49] where the reason for structural malfunctions is identified in the poor tension capacity of masonry) most of the studies rely upon a number of rather significant simplifications, and are mostly referred to the case of stairs made by an elastic homogeneous and isotropic material.
One should emphasize that a correct structural approach to the study of the masonry buildings and constructions should be founded on the acquisition of all the scientific and technological elements and data, involving those originally used to design, or more properly conceive, the structure, the knowledge of the territory's organization where the structure is placed, and possibly rebuilding the historical, anthropological and environmental changes undergone by the fabric throughout its existence. The masonry structure is a rather complex system not only owed to the use of different materials but especially because of the organization of these materials in the structure, that is to say the texture. The texture influences in a significant way the overall behaviour of the structure representing a relevant problem in the formulation of the structural behaviour model, both univocal and complete. On the other hand the variety of textures existing in masonry buildings pushes towards the elaboration of sufficiently flexible models which can be effectively adapted to the usually known schemes of masonry elements. Usually some assumptions are adopted for a simplified approach to the problem. The first of them consists of the mechanical hypothesis that the masonry is a Low-Tension (LT), which means that the structure tends to equilibrate the loads annealing high tension stresses, possibly by developing a set of suitable fractures. In the limit, masonry can be assimilated to a No-Tension (NT) resistant material, which means a material with zero tensile resistance and a linear elastic behaviour in compression [16] [17] [18] [19] [20] [21] [22] [23] , thus drastically simplifying the need for data about tensile strength, that is in most cases inessential for statics.
Under this assumption the existence of equilibrium states, or alternatively of collapse mechanisms, is then investigated setting up the relevant problems and searching for the related solutions, which can also be successfully used for non-cohesive materials [27, 28] . Usually, due to the nonlinear mechanical behaviour of the masonry structures, which is often coupled to the complex geometry of its structural components, these components are analysed one by one.
The authors have produced in the last decades many scientific papers [16] [17] [18] [19] [20] [21] [22] [23] on the subject, which represent a research stream of primary interest because of the many existing historical and monumental masonry constructions and still need more contributions for the deepening of many features and the development of still lacking adequate tools of analysis under the static and dynamic regimes, where vulnerability assessment is required also for planning adequate preservation and modern control strategies [50] [51] [52] particularly important in absence of reliable forecast about the seismic action [53, 54] , even with reference to pure rocking modes [55, 56] of single members of the structure, such as walls or staircases.
One should consider that few efforts are available in literature aimed at addressing the analysis of spiral staircases under the assumption that the material is unable to resist significant tension and bending [49, 57] and that elastic analyses, when forced to comply with structures working under these conditions in practice, ends in misleading results and erroneous conclusions about the interpretation of their static operation.
On the other side, one must consider that one characteristic feature of masonry spiral staircases is that it is embedded in a boundary chamber and so the flight is laterally supported by the wall on the whole length. Moreover most often the masonry texture is organized according to a smart pattern (see e.g [58] ), which provides the ideal belt with some capacity to resist torque stress thanks to the seizure of the bricks (see e.g. [59] ).
Approaches are developed by the authors for providing closed-form solutions for the equilibrium of stairs, including both active and reactive, force and moment components, opening the way to a complete overview of the multi-variate equilibrium attitudes the structure can potentially assume. In this sense, the result is valuable also for masonry helicoidal staircases, allowing to search for LT or even NT solutions, and thereafter to investigate the reasons why even ancient staircases stand up, but also outlining an approach to the problem that can be extended to different shape typologies.
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